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The fundamental solutions or Green’s functions play an impor-
tant role in theoretical and applied studies on the physics of solids.
They can be used to solve the boundary value problems frequently
encountered in the science and technology (Stakgold, 1998; Duffy,
2001), and to construct three dimensional (3D) analyses by the
boundary element methods for crack, contact, defect and inclusion
problems.
In the framework of elasticity, there have been some classical
fundamental solutions, for instance, the Kelvin solution for an inﬁ-
nite isotropic body subjected to a concentrated force, and Mindlin
solution for a half-inﬁnite isotropic space. In recent several dec-
ades, a great deal of effort has been made to pursue the Green’s
functions for the half-inﬁnite/inﬁnite bodies with anisotropy and/
or multi-phase coupled property (Pan and Chou, 1976, 1979a,b;
Benvensite, 1992; Ding et al., 1997a,b; Pan and Han, 2004; Yang
and Pan, 2004; to name a few). In particular, Ding and Jiang
(2003) and Hou et al. (2005) developed the fundamental solutions
for the magneto-electro-elastic (MEE) half-space with transverse
isotropy, in terms of the elementary functions by the trial-and-er-
ror method. These solutions are adopted by Hou et al. (2003) and
Chen et al. (2010) to study the elliptical Hertzian contact problem
and to develop the general theory of indentation for the ﬂat ended,
conical and spherical punches, respectively.The corresponding 3D exact solutions of contact problems are
useful to indentation techniques, which have been widely used
to characterize the physical properties of advanced materials. This
has been illustrated by the pioneer works (Sneddon, 1965;
Gladwell, 1980; Jonson, 1985) for isotropic elastic bodies. It was
further proven by Kalinin et al. (2004, 2007) that the exact 3D con-
tact solutions are helpful to interpreting quantitatively the re-
sponse of the various scanning probe microscopies (also see Chen
et al., 2010) for magneto-electro-elastic composites. In this sense,
the corresponding 3D solutions within the framework of mag-
neto-electro-elasticity are of signiﬁcance, since the magneto-elec-
tro-elastic (or multiferroic) materials composites have potential
applications in the intelligent systems in various engineerings,
due to the strong coupling effect between the mechanical, electric
and magnetic phases (Dong et al., 2004a,b; Zheng et al., 2004;
Eerenstein et al., 2006; Ramesh and Spaldin, 2007; Zhai et al.,
2007). To this end, Chen et al. (2010) developed the general theory
of indentation over a multiferroic composite half-space by three
common indenters (ﬂat-ended, conical, and spherical punches).
The half-inﬁnite indenter, to which the corresponding problem is
non-axisymmetric, has not been addressed in Chen et al. (2010).
The half-space punched by a semi-inﬁnite indenter has been
studied to some extent. Rubio-Gonzalez (2001) made a two-
dimensional elasto-dynamic analysis for orthotropic materials
using the Laplace and Fourier transforms conjugated with the Wie-
ner–Hopf technique. Based on the elastostatic general solution,
Fabrikant and Karapetian (1994) presented the elementary exact
solutions to the corresponding mixed boundary-value problem
by the potential theory method. The same method was then
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elasticity. Huang et al. (2007) pointed out that the solutions for the
half-inﬁnite indenter can work as an excellent approximation to
the physical variables in the half space punched by a large indenter
with lengthly straight edge, which is widely employed in micro-
electro-mechanical system (Waldner, 2008). In fact, this is numer-
ically evidenced by Rubio-Gonzalez (2001). However, there is no
report yet on indentation over an MEE half-space induced by the
half-inﬁnite punch, to the best of authors’ knowledge.
The purpose of this paper is to seek 3D fundamental solutions for
the contact problem of a half-space punched by a smooth and rigid
half-inﬁnite indenter, in the framework of magneto-electro-elastic-
ity. The material is assumed to be transversely isotropic and the in-
dentermay be electrically andmagnetically conducting, electrically
conducting and magnetically insulating, electrically insulating and
magnetically conducting, or both electrically andmagnetically insu-
lating. The corresponding boundary value problems are solved by
meansof thegeneral solutions inconjunctionwith themethodofpo-
tential theory, which is generalized to the contact problem within
magneto-electro-elasticity for the ﬁrst time. The boundary integral
equations for various boundaries, which have the samemathemati-
cal structures, are solved by referring to the results available in the
literature. TheGreen’s functionsof the potentials are exactly derived
and thecomplete fundamental solutions inclosed formareexplicitly
expressed in terms of elementary functions. The singularities of the
generalized stresses are examined and the corresponding intensity
factors are presented. The analytical solutions in this study can not
only serve as benchmarks to simpliﬁed analyses and numerical
methods, but also play an important role in characterizing the phys-
ical properties of multiferroic composites.
2. Basic equations and general solutions
In the Cartesian coordinate system (x; y; z) with the z-axis nor-
mal to the isotropic plane, the constitutive relations of transversely
isotropic MEE materials read (Ding et al., 1997a; Chen et al., 2010)
rx ¼ c11 @u
@x
þ c12 @v
@y
þ c13 @w
@z
þ e31 @U
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ð1cÞwhere riðsijÞ; Di and Bi are stress, electric displacement and mag-
netic induction components, respectively; uðv;wÞ; U and W are
the elastic displacements, electric potential and magnetic potential,
respectively, which are referred to as generalized displacements;
cij; eij; dij; eij; gij and lij are respectively the elastic, piezoelectric,
piezo-magnetic, dielectric, electromagnetic and magnetic constants.
Furthermore, we have an additional relation 2c66 ¼ c11  c12 for
media with transverse isotropy. It is evident that various decoupled
cases can be degenerated from (1) by letting the corresponding cou-
pling constants vanish.
Without the effect of body forces, electric and ‘‘magnetic’’
charges, the generalized equilibrium equations are
@rx
@x
þ @sxy
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þ @szx
@z
¼ 0;
@sxy
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þ @ry
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@szx
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þ @rz
@z
¼ 0;
ð2aÞ
@Dx
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þ @Dy
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þ @Dz
@z
¼ 0; ð2bÞ
@Bx
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þ @By
@y
þ @Bz
@z
¼ 0: ð2cÞ
Substituting (1) into (2), we can derive the equilibrium equations in
terms of generalized displacements, for which the general solutions
were proposed by Ding and Jiang (2003) and Hou et al. (2005) by
means of the rigorous operator theory and the generalized Almansi
theorem. The form of the general solutions depends on the follow-
ing algebraic equation
n0s8  n1s6 þ n2s4  n3s2 þ n4 ¼ 0; ð3Þ
where the coefﬁcients ni (i ¼ 0;1; . . . ;4) are given in Ding and Jiang
(2003) and Hou et al. (2005), and are listed in Appendix. From a
mathematical point of view, (3) is the characteristic equation of
an elliptical partial differential equation of the 8th order, which is
satisﬁed by a potential function. In that partial differential equation,
derivatives of odd orders with respect to the variable z do not ap-
pear (Ding and Jiang, 2003; Hou et al., 2005). For the piezoelectric,
piezo-magnetic and elastic materials as special cases, the corre-
sponding eigen-equation can be reduced from (3) as shown in Chen
et al. (2010). In the present study, the eigenvalues si in (3) have a
real part, whose correlation determines the form of the general
solutions in terms of quasi-harmonic functions. In what follows,
our concern is conﬁned only to transversely isotropic media with
distinct eigenvalues. In this case, the general solutions are of the
simplest form.
Introducing the following complex variables with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
U ¼ uþ iv; w1 ¼ w; w2 ¼ U; w3 ¼ W;
r1 ¼ rx þ ry; r2 ¼ rx  ry þ 2isxy; sz1 ¼ szx þ isyz; rz1 ¼ rz;
sz2 ¼ Dx þ iDy; sz3 ¼ Bx þ iBy; rz2 ¼ Dz; rz3 ¼ Bz;
ð4Þ
Ding and Jiang (2003) obtained the following general solutions in
compact form
U ¼ K
X4
j¼1
wj þ iw0
 !
; wm ¼
X4
j¼1
sjkmj
@wj
@zj
ðm ¼ 1 3Þ
r1 ¼ 2
X4
j¼1
ðc66 x1js2j Þ
@2wj
@z2j
; r2 ¼ 2c66K2
X4
j¼1
wj þ iw0
 !
;
rzm ¼
X4
j¼1
xmj
@2wj
@z2j
; szm ¼ K
X4
j¼1
sjxmj
@wj
@zj
þ is0qm
@w0
@z0
 !
;
ð5Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c66=c44
p
; D¼@2=@x2þ@2=@y2 and K¼@=@xþ i@=@y.
The constants involved in (4), which are deﬁned in Ding and Jiang
(2003) and Hou et al. (2003), are speciﬁed in Appendix A, for a
self-contained purpose. Furthermore, the potential functions wj in
(5) satisfy the following quasi-Laplace equation
Dþ @
2
@z2j
 !
wj ¼ 0 ðj ¼ 0—4Þ: ð6Þ
When any two of these eigenvalues are equal, the general solutions,
which have been addressed by Hou et al. (2005), would take differ-
ent forms.
3. Half-plane contact problem
Now consider a half inﬁnite MEE space zP 0 indented by a ri-
gid punch with its smooth end occupying the region S on the plane
z ¼ 0 (denoted by I hereafter). For convenience, the complement of
S on the plane z ¼ 0 is represented by the symbol S. Thus the rela-
tions S
T S ¼ ; and SS S ¼ I hold, as shown in Fig. 1. This can be for-
mulated as a boundary value problem with mechanical, electric
and magnetic conditions prescribed on the plane I, which are dis-
cussed separately as follows.
The mechanical boundary conditions are (Fabrikant and Kara-
petian, 1994)
ðx; yÞ 2 S : w1 ¼ w ¼ w0ðx; yÞ;
ðx; yÞ 2 S : rz1 ¼ rz ¼ 0;
ðx; yÞ 2 I : sz1 ¼ 0;
ð7Þ
where w0ðx; yÞ is the normal displacement produced by the
indenter.
For the electric conditions, we have the following two situations
(Huang et al., 2007; Chen et al., 2010):
(a) For a perfect electrically conducting indenter with a constant
electric potential U0:Fig. 1.
occupie
respectðx; yÞ 2 S : w2 ¼ U ¼ U0;
ðx; yÞ 2 S : rz2 ¼ Dz ¼ 0:
ð8Þ(b) For an indenter as a perfect electric insulator with zero elec-
tric charge:ðx; yÞ 2 I : rz2 ¼ Dz ¼ 0: ð9ÞParallel to the electric condition, we also have the following two
cases for the magnetic boundary conditions (Giannakopoulos and
Parmaklis, 2007; Chen et al., 2010):A schematic ﬁgure of the contact plane z ¼ 0 denoted by I. The subregions
d by the indenter and its complement are symbolized by S and S,
ively.(a) For a perfect magnetically conducting indenter with a con-
stant magnetic potential W0:ðx; yÞ 2 S : w3 ¼ W ¼ W0;
ðx; yÞ 2 S : rz3 ¼ Bz ¼ 0:
ð10Þ(b) For an indenter as a perfect magnetic insulator with zero
magnetic ﬂux:ðx; yÞ 2 I : rz3 ¼ Bz ¼ 0: ð11ÞBesides the boundary conditions mentioned above, all the phys-
ical quantities should vanish identically at inﬁnity.
In view of the electric and magnetic boundary conditions, there
are four possible boundary value problems to characterize all the
physical situations. This will be addressed case by case in the next
section, where the method of potential theory initialized by Fabrik-
ant (1989, 1991) will be generalized to contact analysis within the
framework of magneto-electro-elasticity.
4. Method of generalized potential theory
Instead of employing the Green’s functions to conduct 3D anal-
yses (Chen et al., 2010), we use the potential theory method gener-
alized from that proposed by Fabrikant (1989, 1991) to solve the
four boundary value problems, which actually reﬂect different
physical properties associated with the indenter. Now our task is
to seek the appropriate potential functions wi satisfying (6) and
the corresponding boundary conditions described in the last
section.
4.1. Electrically and magnetically conducting indenter
To extend the potential theory method to magneto-electro-
elasticity, we assume that
w0 ¼ 0; wj ¼
X3
i¼1
hjiHiðzjÞ ðj ¼ 1—4Þ; ð12Þ
where hji are constants to be determined, and the functions Hi are
HiðMÞ ¼
Z Z
S
ln½R0ðM;N0Þ þ zrziðN0ÞdS0 ði ¼ 1—3Þ; ð13Þ
where R0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx x0Þ2 þ ðy y0Þ2 þ z2
q
is the distance between the
points Mðx; y; zÞ and N0ðx0; y0;0Þ. When compared with the contact
problem in pure elasticity, with one main function H1ðMÞ involved,
two more potentials of simple layer (SLP) HjðMÞ ðj ¼ 2;3Þ are intro-
duced to account for the electric and magnetic effects, respectively.
Furthermore, the following property of SLP holds (Fabrikant, 1989)
@2Hi
@z2
jz¼0 ¼
2przi; ðx; yÞ 2 S;
0; ðx; yÞ 2 s:

ð14Þ
It is noted that (6) has been satisﬁed by the potential functions
wi ði ¼ 0—4Þ in (12) since the main functions in (13) are SLP. More-
over, the conditions at inﬁnity have been met automatically. Now,
the only concern turns to determine the constants hij and the ker-
nels rzi ði ¼ 1—3Þ of SLP to satisfy the boundary conditions in (7),
(8) and (10), which, along with (6), consist of a typical mixed
boundary value problem.
The third boundary condition (BC) in (7) is satisﬁed by letting
X4
j¼1
sjx1jhji ¼ 0 ði ¼ 1—3Þ: ð15Þ
In view of the properties of SLP (14), the second BCs in (7), (8) and
(10) have been automatically satisﬁed and three additional rela-
tions can be derived
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j¼1
xmjhji ¼  12pdmi ði;m ¼ 1—3Þ; ð16Þ
where dmi is the Kronecker delta.
It is seen that all the constants have been determined as
h1i
h2i
h3i
h4i
0
BBB@
1
CCCA ¼  12p
s1x11 s2x12 s3x13 s4x14
x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34
0
BBB@
1
CCCA
1 0
d1i
d2i
d3i
0
BBB@
1
CCCA ði ¼ 1 3Þ:
ð17Þ
Satisfaction of the ﬁrst conditions in (7), (8) and (10) requires that
X3
i¼1
fmi
Z Z
s
rziðN0Þ
RðN;N0ÞdS0 ¼ wm0ðNÞ ðm ¼ 1 3Þ; ð18Þ
where
fmi ¼
P4
j¼1sjkmjhji ðm ¼ 1 3Þ; w10 ¼ w0; w20 ¼ U0; w30 ¼ W0, and
R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx x0Þ2 þ ðy y0Þ2
q
is the distance between the points
Nðx; yÞ and N0ðx0; y0Þ, both Nðx; yÞ and N0ðx0; y0Þ 2 S.
It should be pointed out that (18) is valid for S with an arbitrary
shape. Hence, it should cover the recent results given in Chen et al.
(2010), who derived the integral equations for a circular region,
using the corresponding fundamental solutions. In fact, (18) does
reduce to that in Chen et al. (2010), if we notice the difference in
notations. Moreover, we have an important relation (Chen et al.,
2010),
fmi ¼ fim; ð19Þ
which can be mathematically checked by direct substitution, and
physically is a result from the reciprocity theorem (Chen et al.,
2010).
We can recast (18) into the following formZ Z
s
rziðN0Þ
RðN;N0ÞdS0 ¼
1
g
X3
m¼1
gmiwm0ðNÞ ði ¼ 1—3Þ; ð20Þ
where g ¼ jfmij is the determinant, and gmi is the corresponding
cofactor of the element fmi. As a direct result of (19), the symmetri-
cal property gmi ¼ gim holds true.
4.2. Electrically conducting and magnetically insulating indenter
In this case, we should ﬁnd the suitable potentials to satisfy the
BCs in (7), (8) and (11). To this end, we assume that
w0 ¼ 0; wj ¼
X2
i¼1
hjiHiðzjÞ ðj ¼ 1—4Þ; ð21Þ
where hji are again the undetermined constants and HiðzÞ ði ¼ 1;2Þ
are deﬁned in (13). It is interesting that the structure of (21) is
similar to that for 3D contact problem of piezoelectric media (Chen
andDing, 1999; Chen, 2000;Huanget al., 2007), except that the index
j ranges from 1 to 4, while it is from 1 to 3 for piezoelectric media.
It is easy to verify that all the BCs in (7), (8) and (11) are met, if
the constants hji are taken to be these in (17) and if the following
two integral equations hold
X2
i¼1
fmi
Z Z
s
rziðN0Þ
RðN;N0ÞdS ¼ wm0ðNÞ ðm ¼ 1;2Þ: ð22Þ
It is noted that the integral equations in (22) can be also derived
from the ﬁrst two equations in (18) by noticing rz3 ¼ 0. Further-
more, the magnetic potential w3ðx; y;0Þ in the contact area can be
obtained from (20) without solving any integral equation, by setting
rz3 ¼ 0 and i ¼ 3 asw3ðx; y;0Þ ¼  1g33
½g13w1ðx; y;0Þ þ g23w2ðx; y;0Þ ðx; yÞ 2 S: ð23Þ
From (22), we can obtain thatZ Z
S
rz1ðN0Þ
RðN;N0Þ dS0 ¼
1
g33
½f22w10ðNÞ  f12w20ðNÞ; ð24aÞ
Z Z
S
rz2ðN0Þ
RðN;N0Þ dS0 ¼
1
g33
½f21w10ðNÞ þ f11w20ðNÞ; ð24bÞ
which have the same mathematical structures as these in (20).
4.3. Magnetically conducting and electrically insulating indenter
In this subsection, we assume the indenter is magnetically
conducting but electrically insulating. Thus, the corresponding
boundary conditions to be considered are given in (7), (9) and
(10). To fulﬁll this purpose, we take that
w0 ¼ 0; wj ¼ hj1H1ðzjÞ þ hj3H3ðzjÞ ðj ¼ 1—4Þ; ð25Þ
where Hi ði ¼ 1;3Þ are deﬁned in (13). It is seen that the potential
functions in (25) are quite similar to these for the contact problem
for magneto-elastic media with an exception of the range of the in-
dex j.
Provided that the constants hji ði ¼ 1;3Þ is taken to be these in
(17) and the following two integral equations are satisﬁed
fm1
Z Z
S
rz1ðN0Þ
RðN;N0ÞdS0þ fm3
Z Z
S
rz3ðN0Þ
RðN;N0ÞdS0¼wm0ðNÞ ðm¼1;3Þ; ð26Þ
all the BCs in (7), (9) and (10) can be exactly met. The integral equa-
tions in (26), which can be also obtained from the ﬁrst and third in
(18) by setting rz2 ¼ 0 there, are equivalent to
Z Z
S
rz1ðN0Þ
RðN;N0Þ dS0 ¼
1
g22
½f33w10ðNÞ  f13w30ðNÞ; ð27aÞ
Z Z
S
rz3ðN0Þ
RðN;N0Þ dS0 ¼
1
g22
½f31w10ðNÞ þ f11w30ðNÞ: ð27bÞ
Moreover, the electric potential in the contact area S can be
expressed in terms of the mechanical displacement w10ðx; y; 0Þ
and magnetic potential w30ðx; y; 0Þ as
w2ðx; y;0Þ ¼  1g22
½g12w1ðx; y;0Þ þ g32w3ðx; y;0Þ ðx; yÞ 2 S; ð28Þ
which is actually from (20) by setting rz2 ¼ 0 and i ¼ 2.
It is seen that the analysis is quite similar to that just described
in the previous subsection for the electrically conducting but mag-
netically insulting indenter. In fact, the solution can be obtained
from those given in last subsection by interchanging the electric
and magnetic physical quantities and the corresponding indices.
4.4. Magnetically and electrically insulating indenter
If the indenter is assumed to be both electrically and magneti-
cally insulting, the corresponding BCs should be (7), (9) and (11).
In this case, the potential functions is of the simplest form as
w0 ¼ 0; wj ¼ hj1H1ðzjÞ ðj ¼ 1—4Þ; ð29Þ
where H1 is deﬁned in (13) and hj1 are identical to these in (17). The
potential functions in (29) is quite similar to those for contact
problem in pure elasticity.
The integral equation should be satisﬁed now isZ Z
S
rz1ðN0Þ
RðN;N0Þ dS0 ¼
1
f11
w10ðNÞ: ð30Þ
Fig. 2. A schematic ﬁgure of the contact plane z ¼ 0 of the half-space of a MEE,
which is punched by an half-inﬁnite indenter taking over the region
S ¼ fðx; yÞj 1 < x < 1; 0 6 y < 1g. The subregion complement of S is symbol-
ized by S.
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gion can be expressed as
w0kðx; y;0Þ ¼ fk1f11
w10ðx; y;0Þ ½k ¼ 2;3; ðx; yÞ 2 S: ð31Þ
(30) and (31) can be also derived from (18).
From an overall point of view, the governing boundary integral
Eqs. (20), (24), (27) and (30) have the same mathematical struc-
ture. Consequently, a similar procedure can be adopted to solve
these integral equations, which has been shown in Chen (2000)
and Chen et al. (2010) for the circular contact region S. When the
region is a semi-inﬁnite plane, i.e., S¼fðx;yÞj1<x<1;06y<1g
(See Fig. 2), however, extra mathematical difﬁculties would be
encountered and the solutions take a quite different form (Fabrik-
ant and Karapetian, 1994). This will be addressed in the next
section.
5. Potential functions and their derivatives
Since the boundary integral equations in the previous section
bear the same mathematical structures, we thus focus on the solu-
tions of equations in (20) only. Employing Fabrikant and Karape-
tian’s results, we can get that
rzi ¼ £
ðyÞ
2p2
d
dy
Z y
0
drﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y rp £
ð2rÞ d
drZ þ1
r
dqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq rp £ðqÞW0iðx0;qÞ ði ¼ 1 3Þ; ð32Þ
where W0i ¼
P3
m¼1gmiwm0ðx0;qÞ
h i
=g, and £ðqÞ is an operator de-
ﬁned as
£ðqÞf ðx; yÞ ¼ 1p
Z þ1
1
qf ðx0; yÞ
q2 þ ðx x0Þ2
dx0 ðq > 0Þ; ð33Þ
with the properties £ðq1Þ£ðq2Þ ¼ £ðq1 þ q2Þ and £ð0Þ ¼ 1
holding (Fabrikant and Karapetian, 1994).
Substituting (32) into (13), we immediately obtain that
(Fabrikant and Karapetian, 1994)
Hiðx; y; zÞ ¼ 1p
Z þ1
1
dx0
Z þ1
0
Kðx; y; z; x0; y0ÞW0iðx0; y0Þdy0: ð34ÞIt is evident that Kðx; y; z; x0; y0Þ is the Green’s function
Kðx; y; z; x0; y0Þ ¼ 
1
R0
arctan
h0
R0
 

ﬃﬃﬃﬃﬃ
2
y0
s
Re
1ﬃﬃﬃﬃﬃﬃ
iq0
p arctan
ﬃﬃﬃﬃﬃﬃ
iq0
2l2
s" #
; ð35Þ
where ReðÞ stands for the real part of the corresponding complex
variable, and
q0 ¼ qðx0; y0Þ ¼ x x0 þ iðy y0Þ; h0 ¼ hðy0Þ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃ
y0l

2
q
;
l2 ¼ 0:5½yþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy2 þ z2Þ
q
: ð36Þ
The derivatives of various orders, which are necessary to construct
3D magneto-electro-elastic ﬁeld, have been given by Fabrikant and
Karapetian (1994) as
f1ðM;N0Þ ¼ KK
¼ q0
R30
R0
h0
þ arctan h0
R0
  
 1
h0q0
1
ﬃﬃﬃﬃﬃﬃﬃﬃ
2il2
q0
s
arctan
ﬃﬃﬃﬃﬃﬃﬃﬃ
q0
2il2
s2
4
3
5; ð37aÞ
f2ðM;N0Þ ¼ @K
@z
¼ z
R30
R0
h0
þ arctan h0
R0
  
; ð37bÞ
f3ðM;N0Þ ¼ @
2K
@z2
¼ 1
R30
1 3z
2
R20
 !
R0
h0
þ arctan h0
R0
  
þ 1
h0ðR20 þ h20Þ
z2
R20
 l

1
l1  l2
" #
; ð37cÞ
f4ðM;N0Þ ¼ K2K
¼ 3q
2
0
R50
R0
h0
þ arctan h0
R0
  
þ 1
h0ðR20 þ h20Þ
q20
R20
þ l

1  y
l1  l2
" #
þ 3
q20
1
h0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i
2y0q0
s
arctan
ﬃﬃﬃﬃﬃﬃﬃﬃ
q0
2il2
s" #
 1
q0h0ð2il2 þ q0Þ
; ð37dÞ
f5ðM;N0Þ ¼ @
@z
KK
¼ 3zq0
R50
R0
h0
þ arctan h0
R0
  
þ z
h0ðR20 þ h20Þ
i
2ðl1  l2Þ
þ q0
R20
" #
; ð37eÞ
with l1 ¼ 0:5 y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy2 þ z2Þ
ph i
and fkðM;N0Þ  fkðx; y; z; x0; y0Þ
ðk ¼ 1 5Þ.
6. Fundamental magneto-electro-elastic ﬁeld of the half-space
Now consider the distribution of the generalized displacement
wk0 which can be described by a delta function. The corresponding
fundamental magneto-electro-elastic ﬁeld can be exactly and
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sections. Their solutions, which depend on the properties of the in-
denter, are given case-by-case in what follows. These solutions are
particular useful in evaluating the material failure strength by the
indentation technology, estimating the resolution of electromag-
netic microscopy, or interpreting the polarization switching behav-
ior in multiferroic materials, which is especially important in
developing new devices of high-density and high-performance
memories (Nan et al., 2008; Chen et al., 2010).
6.1. Electrically and magnetically conducting indenter
When the indenter is both electrically and magnetically
conducting, we assume that the generalized displacements
wk0 ðk ¼ 1—3Þ in the contact region S are equal to
Xk0dðx xkÞdðy ykÞ ðk ¼ 1—3Þ, with Xk0 a prescribed constant. In
this case, we have
Hiðx; y; zÞ ¼ 1pg
X3
l¼1
gliXl0Kðx; y; z; xl; ylÞ: ð38Þ
Thus, the complete ﬁeld of the half-space reads
U ¼ 1
pg
X4
j¼1
X3
i¼1
X3
l¼1
hjigliXl0f1ðMj;NlÞ; ð39aÞ
wm ¼ 1pg
X4
j¼1
X3
i¼1
X3
l¼1
sjkmjhjigliXl0f2ðMj;NlÞ; ð39bÞ
r1 ¼ 2pg
X4
j¼1
X3
i¼1
X3
l¼1
ðc66 x1js2j ÞhjigliXl0f3ðMj;NlÞ; ð39cÞ
r2 ¼ 2c66pg
X4
j¼1
X3
i¼1
X3
l¼1
hjigliXl0f4ðMj;NlÞ; ð39dÞ
rzm ¼ 1pg
X4
j¼1
X3
i¼1
X3
l¼1
xmjhjigliXl0f3ðMj;NlÞ; ð39eÞ
szm ¼ 1pg
X4
j¼1
X3
i¼1
X3
l¼1
sjxmjhjigliXl0f5ðMj;NlÞ; ð39fÞ
with Mj ¼ ðx; y; zjÞ and Nl ¼ ðxl; yl;0Þ.
6.2. Electrically conducting and magnetically insulating indenter
For the electrically conducting and magnetically insulating in-
denter, we assume that the generalized displacements are of the
forms wk ¼ Xk0dðx xkÞdðy ykÞ ðk ¼ 1—2Þ. Then, the non-vanish-
ing potential functions can be obtained as
H1ðx;y;zÞ¼ 1pg33
f22X10Kðx;y;z;x1;y1Þ f12X20Kðx;y;z;x2;y2Þ½ ; ð40aÞ
H2ðx; y; zÞ ¼ 1pg33
f21X10Kðx; y; z; x1; y1Þ þ f11X20Kðx; y; z; x2; y2Þ½ :
ð40bÞ
From (5), (21) and (40), we can get the expressions of ﬁeld variables
U ¼ X10
pg33
X4
j¼1
ðf22hj1  f21hj2Þf1ðMj;N1Þ
þ X20pg33
X4
j¼1
ðf11hj2  f12hj1Þf1ðMj;N2Þ;
ð41aÞwm ¼ X10pg33
X4
j¼1
sjkmjðf22hj1  f21hj2Þf2ðMj;N1Þ
þ X20
pg33
X4
j¼1
sjkmjðf11hj2  f12hj1Þf2ðMj;N2Þ; ð41bÞ
r1 ¼ 2X10pg33
X4
j¼1
ðc66 x1js2j Þðf22hj1  f21hj2Þf3ðMj;N1Þ
þ 2X20
pg33
X4
j¼1
ðc66 x1js2j Þðf11hj2  f12hj1Þf3ðMj;N2Þ; ð41cÞ
r2 ¼ 2c66X10pg33
X4
j¼1
ðf22hj1  f21hj2Þf4ðMj;N1Þ
þ 2c66X20
pg33
X4
j¼1
ðf11hj2  f12hj1Þf4ðMj;N2Þ; ð41dÞ
rzm ¼ X10pg33
X4
j¼1
xmjðf22hj1  f21hj2Þf3ðMj;N1Þ
þ X20
pg33
X4
j¼1
xmjðf11hj2  f12hj1Þf3ðMj;N2Þ; ð41eÞ
szm ¼ X10pg33
X4
j¼1
sjxmjðf22hj1  f21hj2Þf5ðMj;N1Þ
þ X20
pg33
X4
j¼1
sjxmjðf11hj2  f12hj1Þf5ðMj;N2Þ: ð41fÞ6.3. Magnetically conducting and electrically insulating indenter
As far as a magnetically conducting but electrically insulating
indenter is concerned, the generalized displacement is assumed
to be wk0 ¼ Xk0dðx x0Þdðy y0Þ ðk ¼ 1;3Þ. The corresponding fun-
damental ﬁeld can be obtained directly from Section (6.2) by
changing the corresponding indices as
U ¼ X10
pg22
X4
j¼1
ðf33hj1  f31hj3Þf1ðMj;N1Þ
þ X30
pg22
X4
j¼1
ðf11hj3  f13hj1Þf1ðMj;N2Þ;
ð42aÞ
wm ¼ X10pg22
X4
j¼1
sjkmjðf33hj1  f31hj3Þf2ðMj;N1Þ
þ X30
pg22
X4
j¼1
sjkmjðf11hj2  f13hj1Þf2ðMj;N2Þ; ð42bÞ
r1 ¼ 2X10pg22
X4
j¼1
ðc66 x1js2j Þðf33hj1  f31hj3Þf3ðMj;N1Þ
þ 2X30
pg22
X4
j¼1
ðc66 x1js2j Þðf11hj3  f13hj1Þf3ðMj;N2Þ; ð42cÞ
r2 ¼ 2c66X10pg22
X4
j¼1
ðf33hj1  f31hj2Þf4ðMj;N1Þ
þ 2c66X30
pg22
X4
j¼1
ðf11hj3  f13hj1Þf4ðMj;N2Þ; ð42dÞ
170 X.-Y. Li et al. / International Journal of Solids and Structures 51 (2014) 164–178rzm ¼ X10pg22
X4
j¼1
xmjðf33hj1  f31hj3Þf3ðMj;N1Þ
þ X30
pg22
X4
j¼1
xmjðf11hj3  f13hj1Þf3ðMj;N2Þ; ð42eÞ
szm ¼ X10pg22
X4
j¼1
sjxmjðf33hj1  f31hj3Þf5ðMj;N1Þ
þ X30
pg22
X4
j¼1
sjxmjðf11hj3  f13hj1Þf5ðMj;N2Þ: ð42fÞ6.4. Magnetically and electrically insulating indenter
For a magnetically and electrically insulating indenter, the pre-
scribed mechanical displacement is w10 ¼ X10dðx x1Þdðy y1Þ.
The corresponding fundamental solutions read
U ¼ X10
pf11
X4
j¼1
hj1f1ðMj;N1Þ; ð43aÞ
wm ¼ X10pf11
X4
j¼1
sjkmjhj1f2ðMj;N1Þ; ð43bÞ
r1 ¼ X10pf11
X4
j¼1
ðc66 xj1s2j Þhj1f3ðMj;N1Þ; ð43cÞ
r2 ¼ 2c66X10pf11
X4
j¼1
hj1f4ðMj;N1Þ; ð43dÞ
rzm ¼ X10pf11
X4
j¼1
xmjhj1f3ðMj;N1Þ; ð43eÞ
szm ¼ X10pf11
X4
j¼1
sjxmjhj1f5ðMj;N1Þ: ð43fÞ
These fundamental solutions can be readily reduced to various
decoupled and degenerated cases. By letting qij ¼ 0 and dij ¼ 0 in
the present solutions, the electro-elastic ﬁeld given by Huang
et al. (2007) can be obtained. Similarly, we can get the correspond-
ing results for the coupled magneto-elastic ﬁeld, by setting eij ¼ 0
and dij ¼ 0 in the previous analyses. The fundamental solution
developed by Fabrikant and Karapetian (1994) for the elastic ﬁeld
can be also degenerated from the present solutions, if the constants
qij; eij and dij identically vanish. A detailed description concerning
the degenerated cases can be referred to Chen et al. (2010).
7. Singular behavior of the generalized normal stresses at the
indenter edge
At this stage, we can now investigate the singular behaviors of
the generalized normal stress components rzm ðm ¼ 1—3Þ at the
edge of contact area due to the point generalized displacements
w0k, since the explicit expressions are available in the last section.
From the previous analyses, it is easy to obtain that
lim
z!0
l1 ¼ minð0; yÞ; limz!0 l

2 ¼ maxð0; yÞ: ð44Þ
So, we can get
z ! 0 : f3ðzÞ ! f3ðN0Þ ¼ 1
2R2
ﬃﬃﬃﬃﬃﬃﬃ
y0y
p ðx; yÞ 2 S: ð45ÞFor further usage, we deﬁne the generalized stress intensity factors
(GSIFs) as
KmI ¼ limy!0
ﬃﬃﬃ
y
p
rzm ðm ¼ 1—3Þ: ð46Þ
It should be emphasized that the GSIFs are important parameters in
contact problems to study the physical phenomena in the region
near the indenter edge. Based on the GSIFs, we can predict the
plastic zone and electric/magenetic failure for the multiferroic med-
ia. As shown in Section 3, it depends on the property of the indenter
whether rzk ðk ¼ 2;3Þ is singular or not at the indenter edge.
7.1. Electrically and magnetically conducting indenter
For the electrically and magnetically conducting indenter, we
can derive the expressions of the generalized normal stresses
within the region S from (39e) and (16) as
rzmðx; y;0Þ ¼  12p2g
X3
l¼1
Xl0glmf3ðNlÞ: ð47Þ
It is noted that (47) can be directly obtained from (32) as well.
With the deﬁnition in (46), we can get that
KmI ¼ 
1
4p2g
X3
l¼1
Xl0glmﬃﬃﬃﬃ
yl
p ½ðx xlÞ2 þ y2l 
ðm ¼ 1—3Þ: ð48Þ7.2. Electrically conducting and magnetically insulating indenter
In this case, we can deduce from (41e) thatrzm ¼ X10f3ðN1Þpg33
f22
X4
j¼1
xmjhj1  f21
X4
j¼1
xmjhj2
 !
þX20f3ðN2Þ
pg33
f11
X4
j¼1
xmjhj2  f12
X4
j¼1
xmjhj1
 !
: ð49Þ
Using (17), we can further obtain that
rzm ¼ X10f3ðN1Þ2p2g33
f22dm1  f21dm2ð Þ
X20f3ðN2Þ
2p2g33
f11dm2  f12dm1ð Þ: ð50Þ
It is seen that rz3 vanishes as a posterior check of the boundary con-
dition prescribed in (11).
Now, it is readily to arrive at
KmI ¼ 
X10
4p2g33
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
f22dm1  f21dm2ð Þ
 X20
4p2g33
ﬃﬃﬃﬃﬃ
y2
p ½ðx x2Þ2 þ y22
f11dm2  f12dm1ð Þ; ð51Þ
with m ranging from 1 to 2. More speciﬁcally, they are
K1I ¼ 
X10f22
4p2g33
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
þ X20f12
4p2g33
ﬃﬃﬃﬃﬃ
y2
p ½ðx x2Þ2 þ y22
; ð52aÞ
K2I ¼
X10f21
4p2g33
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
 X20f11
4p2g33
ﬃﬃﬃﬃﬃ
y2
p ½ðx x2Þ2 þ y22
: ð52bÞ
Table 1
Material coefﬁcients of the piezoelectric BaTiO3 (Pan, 2001). Note: cij in 10
9 N=m2; eij
in C=m2; ij in 10
9 C2=ðNM2Þ; lij in 106 N s2=C2.
c11 c12 c13 c33 c44 c66
166 77 78 162 43 44.5
e31 e33 e15
4.4 18.6 11.6
11 33 l11 l33
11.2 12.6 5 10
Table 2
Material coefﬁcients of the magnetostrictive CoFe2O4 (Pan, 2001). Note: cij in
109 N=m2 ; dij in N=ðA MÞ; ij in 109 C2=ðNM2Þ; lij in 106 N s2=C2.
c11 c12 c13 c33 c44 c66
286 173 170 269.5 45.3 56.5
d31 d33 d15
580 700 560
11 33 l11 l33
0.08 0.093 590 157
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Under this condition, we can obtain the expressions of
rzmðx; y; 0Þ from (42e) without details as
rzm ¼ X10f3ðN1Þ2p2g22
f33dm1  f31dm3ð Þ 
X30f3ðN3Þ
2p2g22
f11dm3  f13dm1ð Þ
ðm ¼ 1;3Þ: ð53Þ
The normal electric displacement rz2 is zero as expected in (9). Thus
the corresponding GSIFs are
K1I ¼ 
X10f33
4p2g22
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
þ X30f13
4p2g22
ﬃﬃﬃﬃﬃ
y3
p ½ðx x3Þ2 þ y23
; ð54aÞ
K3I ¼
X10f31
4p2g22
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
 X30f11
4p2g22
ﬃﬃﬃﬃﬃ
y3
p ½ðx x3Þ2 þ y23
: ð54bÞ7.4. Electrically and magnetically insulating indenter
In this circumstance, only the normal stress rz is singular. The
expressions of rzm in the contact region can be obtained from
(43e) as
rzm ¼ d1m X102p2f11
f3ðN1Þ; ð55Þ
which indicates that rz2 and rz3 identically vanish as anticipated.
Consequently, the SIF reads
K1I ¼ 
X10
4p2f11
ﬃﬃﬃﬃﬃ
y1
p ½ðx x1Þ2 þ y21
: ð56Þ
For an arbitrarily distributed generalized displacement, the corre-
sponding GSIFs can be obtained by integration over the contact
region.
8. Numerical results and discussion
This section is devoted to numerically present the previous re-
sults, which are given explicitly in terms of elementary functions.
To this end, we choose the MEE composite material made of piezo-
electric phase BaTiO3 and magnetostrictive phase CoFe2O4, which
have no piezo-magnetic and piezo-electric effect, respectively.
The material properties of the composite MEE are evaluated
according to the simple rule of mixture in terms of the volume
fractions of the constituents (Chen et al., 2010). Denoting the vol-
ume fractions of BaTiO3 and CoFe2O4 by VB and 1 VB, respec-
tively, we formulate the material property (denoted by P) of the
composite by
P ¼ PBVB þ PCð1 VBÞ ð57Þ
where PB and PC stand for the material properties of BaTiO3 and
CoFe2O4, as tabulated in Tables 1 and 2, respectively. It should be
pointed out that (57) is a very simple model as an approximation
of the ﬁrst order, the exact effect material properties of the MEE
composite depends upon the micro-structures of the constituents,
from the micro-mechanics points of view (Mura, 1987).
In the present section, VB increase from 0 to 1 by a step 10%. In
particular, VB ¼ 0 lends to a piezo-magnetic material, i.e. CoFe2O4,
whilst VB ¼ 1 corresponds to a piezoelectric medium, namely,
BaTiO3. With (57) and the data in Tables 1 and 2, the materialcoefﬁcients of the MEE composite are available. Table 3 lists the
material eigenvalues of various MEE composites and the conditions
si – sj ði – jÞ have been posteriorly checked. In what follows, we
will discuss the validity of the present solutions, the effect of mag-
netic and electric properties, and the inﬂuence of the volume frac-
tion of BaTiO3.
For the sake of display, we introduce the following dimension-
less quantities
n ¼ x
y0
; g ¼ y
y0
; f ¼ z
y0
;
Wz ¼ wy0
; U0 ¼ U
y0
ﬃﬃﬃﬃﬃﬃ
e33
c33
r
; W0 ¼ W
y0
ﬃﬃﬃﬃﬃﬃﬃ
l33
c33
r
;
Rz ¼ rzc33 ; D
0
z ¼
Dzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c33e33
p ; B0z ¼
Bzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c33l33
p ;
K 01r ¼
K11ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y0c33
p ; K 01D ¼
K21ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y0c33e33
p ; K 01B ¼
K31ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y0c33l33
p :
For simplicity, we conﬁne our attentions to the contact plane f ¼ 0
and all the physical data are obtained by setting x0 ¼ 0, without
speciﬁcation elsewhere.
8.1. Validity of the present solutions
From (1), it is seen that the interwoven elastic, electric and
magnetic ﬁelds are decoupled from each other upon artiﬁcially let-
ting eij; dij and gij vanish. In this special case, the problem in ques-
tion is degenerated to a contact one in the context of theory of pure
elasticity. Thus, the present solutions, regardless of the electro-
magnetic properties of the indenter, would identically reduced to
those predicted by Fabrikant and Karapetian (1994). This provides
a way to check the validity of the present solutions and the pro-
gramme used herein.
Tables 4 and 5 list the dimensionless axial displacementWz and
the normal stress Rz on the vertical plane n ¼ 0, for the elastic com-
posite medium with VB ¼ 0:50. The present results coincides with
those given by Fabrikant and Karapetian (1994), thus solidly vali-
dating the present analyses. It should be pointed out only the data
in Tables 4 and 5 are obtained by artiﬁcially setting the parameters
eij; dij and gij to null, throughout this section.
Table 3
The eigenvalues of BaTiO3–CoFe2O4 composites.
VB (%) s0 s1 s2 s3 s4
0 1.11680 0.70213 0.92748 1.44221 1.97229
10 1.10770 0.71942 0.94097 1.42027 1.96242
20 1.09841 0.73806 0.94039 1.39691 1.95137
30 1.08896 0.75797 0.93927 1.37176 1.93854
40 1.07932 0.77947 0.93778 1.34453 1.92303
50 1.06950 0.80314 0.93578 1.31476 1.90331
60 1.05948 0.83001 0.93284 1.28180 1.87645
70 1.04926 0.86274 0.92735 1.24451 1.83624
80 1.03882 0.91137  0.01794i 0.91137 + 0.01794i 1.20069 1.76649
90 1.02817 0.93326  0.03528i 0.93325 + 0.03528i 1.14443 1.60752
100 1.01729 0.70711 0.97653 1.01094  0.01466i 1.01094 + 0.01466i
Table 4
The dimensionless elastic displacements Wz . Comparison is made with those predicted by Fabrikant and Karapetian (1994).
f g ¼ 0:5 g ¼ 2:0 g ¼ 4:0
Present Literature Present Literature Present Literature
0.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.50 0.96153 0.96153 0.12177 0.12177 0.00263 0.00263
1.00 0.77603 0.77603 0.24006 0.24006 0.00748 0.00748
2.00 0.31173 0.31173 0.19451 0.19451 0.02050 0.02050
5.00 0.06573 0.06573 0.05678 0.05678 0.02748 0.02748
10.0 0.02018 0.02018 0.01863 0.01863 0.01447 0.01447
Table 5
The dimensionless normal stress Rz . Comparison is made with those predicted by Fabrikant and Karapetian (1994).
f g ¼ 0:5 g ¼ 2:0 g ¼ 4:0
Present Literature Present Literature Present Literature
0.00 1.34758 1.34758 0.16845 0.16845 0.00660 0.00660
0.50 0.19211 0.19211 0.18856 0.18856 0.00727 0.00727
1.00 0.43513 0.43513 0.02429 0.02429 0.00804 0.00804
2.00 0.13911 0.13911 0.05366 0.05366 0.00551 0.00551
5.00 0.01266 0.01266 0.01008 0.01008 0.00189 0.00189
10.0 0.00188 0.00188 0.00168 0.00168 0.00103 0.00103
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This subsection is dedicated to the inﬂuence of the magneto-
electric properties of the indenters on the distributions of the phys-
ical quantities of special interests. To fulﬁll this purpose, numerical
calculations are performed for MEE with VB ¼ 0:50. Fig. 3 plots the
dimensionless generalized normal stress components (Rz; D
0
z and
B0z) and the corresponding GSIFs (K
0
1r; K
0
1D and K
0
1B) as functions
of dimensionless spatial coordinates.
From an overall point of view, the generalized normal stress
components (Rz; D
0
z and B
0
z) have a similar distributions (See
Fig. 3(a), (c) and (e)): all of them are singular at the edge of the in-
denter (g ¼ y=y0 ¼ 0) and the point (g ¼ 1:0) where the mechanic
displacement is prescribed, as expected from a physical point of
view; there exists a critical point g0 ¼ 0:09 < 1:0 at which the ef-
fect of the indenter edge and that of the applied displacement
are balanced. More speciﬁcally, the distributions of K 01r; K
0
1D and
K 01B at points with g < g0 is dominated by the indenter edge. On
the other hand, the behaviors of the generalized stress components
at the points with g > g0 are mainly inﬂuenced by the applied dis-
placements. Furthermore, the magneto-electric properties of the
indenters exerts an inapparent inﬂuence upon the distribution of
the normal stress Rz. The normal stress Rz pertinent to the four
cases is almost identical to that associated with pure elastic case,
referred to as Case E hereafter. Numerical results reveal that therelative differences in Rz are of the order 10
1 and we have the fol-
lowing inequality for Rz
CaseDP CaseC > CaseBP CaseA > CaseE;
which is consistentwith the observationmade by Chen et al. (2010). It
isnotedthat thesizerelation forRz is indirectly reﬂectedbyFig. 3(b) for
the dimensionless stress intensity factor K 01r. In addition, K
0
1r (K
0
1B,
respectively) for CaseD (CaseA, respectively) is larger than these (that,
respectively) for the remaining three cases (Case C, respectively), for a
lower 0 6 n < 1:0, as shown in Fig. 3(b) (Fig. 3(f), respectively).
From the analyses in Section 7, it is evident that the GSIFs de-
crease with the dimensionless coordinates n ¼ x=y0, as shown in
Fig. 3(b), (d) and (f). The GSIFs change signiﬁcantly within the
interval 0 < n < 2:0 and their variations becomes evenly at the
points nP 2:0. Furthermore, numerical results clearly shows that
the effect of electric property of the indenter is more pronounced
than that of magnetic one.
Fig. 4 plots variations of the dimensionless displacements
Wz; U
0
z and W
0
z with the dimensionless coordinate f. It is seen that
all these three displacement components vanish at the origin and
the maximum values take place at f  1:0 for Wz and U0z at the
f  1:5 for W0z. Further, the following inequality for the maximums
of Wz holds
CaseDP CaseB > CaseC P CaseA > CaseE;
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Fig. 3. Variations of the dimensionless generalized stress components Rz (a), D
0
z (c) and B
0
z (e), and the corresponding generalized stress intensity factors K
0
1r (b), K
0
1D (d) and
K 01B (f), with the dimensionless spatial coordinates g ¼ y=y0 ((a), (c), (e)) and n ¼ x=y0 ((b), (d), (f)). The corresponding results proposed by Fabrikant and Karapetian (1994) are
denoted by the solid line (a) and the symbol (O) (b). Data are for n ¼ 0 in (a), (c) and (e), and for g ¼ 0 in (b), (d) and (f).
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Unlike the dimensionless mechanical displacements Wz
being positive for a ﬁnite f, both U0z and W
0
z may be negative.
More speciﬁcally, U0z would take a negative value for an in-denter with electrically conducting property, namely Case A
and Case B, and would be positive for an electrically insulat-
ing indenter (Case C and Case D). For U0z, following approxi-
mations hold
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Fig. 4. The dimensionless displacementsWz (a), U
0
z (b) andW
0
z (c) as functions of the
dimensionless coordinate f. Data are for n ¼ g ¼ 0:0. In (a), the dashed line is for the
displacement in the framework of pure elasticity (Fabrikant and Karapetian, 1994).
0 0.5 1 1.5 2
−2
−1
0
1
2
3
ζ=z/y0
Σ z
=σ
z/c
33
Case A
Case B
Case C
Case D
(a)
0 0.5 1 1.5 2
−1
0
1
2
ζ=z/y0
D
′ z=
D
z/(
c 3
3ε
33
)0
.5
Case A
Case B
Case C
Case D
(b)
0 0.5 1 1.5 2
−2
−1
0
1
2
ζ=z/y0
B′ z
=B
z/(
c 3
3μ
33
)0
.5
Case A
Case B
Case C
Case D
(c)
Fig. 5. The variations of the dimensionless normal stress Rz (a), D
0
z (b) and B
0
z (c) as
functions of the dimensionless coordinate f. Data are for n ¼ 0:0 and g ¼ 0:5. In (a),
the dashed line is for the displacement in the framework of pure elasticity
(Fabrikant and Karapetian, 1994).
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which means that the magnetic properties (conducting or insulat-
ing) of the indenter exert an inconspicuous inﬂuence on the distri-
bution of U0z beneath the contact plane. This is shown in Fig. 4(b).Parallelly, for W0z illustrated in Fig. 4c, the following relations
CaseA  CaseC; CaseB  CaseD > 0;
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Fig. 6. The dimensionless generalized stress components Rz (a), D
0
z (c) and B
0
z (e), and the corresponding generalized stress intensity factors K
0
1r (b), K
0
1D (d) and K
0
1B (f), as a
function of VB . Data are for n ¼ 0 and g ¼ 0:5 in (a), (c) and (e), and n ¼ 0 in (b), (d) and (f). In (a) and (b), the corresponding results proposed by Fabrikant and Karapetian
(1994) are denoted by the symbols (	) and (.). The lines in (b), (d) and (f) stand for the polyﬁt results.
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ing) of the indenter have not obvious effect upon the distribution of
W0z. Moreover,W
0
z would be negative for an magnetically conducting
indenter (Case A and Case C), and is positive for an magnetically
insulating indenter, i.e. Case B and Case D.
The variations of the dimensionless normal stress components
Rz; D
0
z and B
0
z are displayed in Fig. 5. It is seen that all these three
components change signiﬁcantly in the case 0 6 f  1:0 and rap-
idly decay to quite small values when f tends to 2:0. The electric
and magnetic properties of the indentor play an important role
in determining the distributions on the generalized normal stress
components. In particular, Rz takes the maximum at f  1:80,
regardless of the electro-magnetic property of the indenter, and
for Rmaxz , the following inequality holds
CaseD > CaseB > CaseC > CaseA > CaseE;which is similar to Wmaxz (See Figs. 4(a) and 5(a)). Furthermore, D
0
z
(B0z, respectively) vanishes at f ¼ 0:0 for Case C and Case D (Case B
and Case D, respectively), owing to the boundary conditions pre-
scribed in Section 3.8.3. Inﬂuence of volume fraction
We investigate the inﬂuence of the volume fraction VB in terms of
the generalized normal components and the GSIFs, whose variations
withVB are displayed in Fig. 6. It is seen fromFig. 6(a) that the dimen-
sionless normal stressRz increasewith VB. The same tendency can be
observed in the elastic counterpart, by using Eqs. (54) and (55) in
Fabrikant and Karapetian (1994) for the contact problem in the
framework of pure elasticity. The dimensionless normal electric
displacement D0z, similar to Rz, increases with VB, whist the dimen-
sionless normal magnetic induction B0z, in contrast to Rz, decreases
176 X.-Y. Li et al. / International Journal of Solids and Structures 51 (2014) 164–178with VB. This makes sense, from a physical point of view, because the
piezo-electric (piezo-magnetic, Resp.) increases (decreases, Resp.)
withVB when the volume fraction of BaTiO3 (a piezoelectricmedium)
varies from 0 to 1.0.
Similar to the case of the generalized stress components, K 01r
and K 01D are increasing functions of VB, while K
0
1B decreases with
VB. It is noted from Fig. 6(b) that the stress intensity factors K
0
1r
in Case A (C, Resp.) are almost identical to those in Case B (D,
Resp.). For the MEE considered in the present section, the stress
intensity factors in Case C and Case D are much larger than their
counterparts in Case A and Case B. In the extreme situation
VB ¼ 1:0, the ratio of K 01r in Case C to Case A reaches 1:14. These
phenomena indicate the electric properties of the indenter have a
more pronounced effect than the magnetic ones.
To facilitate further use, we develop the following approximate
formulae for the GSIFs by ﬁtting the numerical data
100K 01r ¼ 4:72þ 1:17VB þ 0:45V2B; for Cases A and B; ð59aÞ
100K 01r ¼ 4:72þ 1:73VB þ 0:74V2B; for Cases C and D; ð59bÞ
100K 01D ¼ 0:28þ 6:42VB  5:85V2B þ 3:00V3B; for Cases A and B;
ð59cÞ
100K 01B ¼ 2:80 1:68VB  1:04V2B; for Case A; ð59dÞ
100K 01B ¼ 2:80 1:98VB  0:73V2B; for Case C: ð59eÞ
These ﬁtting curses are also plotted in Fig. 6 and a good agreement
is observed.
9. Concluding remarks
In this study, we have presented the fundamental solutions for
the half-space indented by a half-inﬁnite punch. The material is as-
sumed to be multiferroic and transversely isotropic with its axis of
symmetry normal to the surface of the half-space. The indenter
may be electrically and magnetically conducting, electrically con-
ducting and magnetically insulating, magnetically conducting
and electrically insulating, or electrically and magnetically insulat-
ing. The corresponding boundary value problems have been suc-
cessfully solved by the generalized potential theory method
incorporating with the general solutions in terms of quasi-har-
monic functions. Suitable potentials are obtained and the corre-
sponding boundary integral equations are solved by virtue of the
results in the literature.
Exact and complete fundamental solutions are obtained in
terms of elementary functions, for the ﬁrst time, according to the
magnetic and electric properties of the indenters. These derived
solutions can be used to fulﬁll multi-fold purposes in the future
scientiﬁc activities. Firstly, three-dimensional analyses can be
made by integrating over the corresponding contact area; sec-
ondly, the fundamental solution itself can serve as benchmarks
to various numerical codes and to clarify numerous simpliﬁed
analyses, for multi-phase components; ﬁnally, an important appli-
cations to characterizing the material constants by indentation
technology can be anticipated. Furthermore, the singular behavior
of generalized normal stresses near the edge of the indenter has
been quantiﬁed explicitly in terms of the material properties,
which are very important to the future theoretical and experimen-
tal studies, such as prediction of the plastic zone and the electric/
magnetic failures.
It should be pointed out again the present solutions are valid
only for the media with transverse isotropy, whose eigenvalues
are distinct. When any two of these eigenvalues are equal, thegeneral solutions will take another forms. In this case, there are
two paths that can be followed: the corresponding solution can
be obtained through a limiting procedure by means of L’Hôpital
rule, as the ﬁrst way; alternatively, they can be derived by the
methods presented in this paper by employing the proper general
solutions, where the integral boundary equations would be of the
same structure as these derived in Section 4, as shown in Chen
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The constants ni which are employed in (2) are speciﬁed by
Ding and Jiang (2003) as
n0 ¼ c44½c33ðe33l33  g233Þ  2e33g33d33 þ l33e233 þ e33d233; ðA-1aÞ
n1 ¼ c11½c33ðe33l33  g233Þ  2e33g33d33 þ l33e233 þ e33d233
þ c44½c44ðe33l33  g233Þ þ c33ðe11l33 þ e33l11  2g11g33Þ
 2e15g33d33  2e33ðg11d33 þ g33d15Þ þ ðl11e233 þ 2l33e15e33Þ
þ ðe11d233 þ 2e33d15d33Þ  ðc13 þ c44Þ½ðc13 þ c44Þðe33l33  g233Þ
þ ðe15 þ e31Þðe33l33  d33g33Þ  ðd15 þ d31Þðe33g33  d33e33Þ
 ðe15 þ e31Þ½ðc13 þ c44Þðe33l33  g33d33Þ  ðe15 þ e31Þðc33l33
þ d233Þ þ ðd15 þ d31Þðc33g33 þ d33e33Þ
 ðd15 þ d31Þ½ðc13 þ c44Þðe33d33  e33g33Þ
þ ðe15 þ e31Þðc33g33 þ e33d33Þ  ðd15 þ d31Þðc33e33 þ e233Þ;
ðA-1bÞ
n2 ¼ c11½c44ðe33l33  g233Þ þ c33ðe11l33 þ 33l11  2g11g33Þ
 2e15g33d33  2e33ðg11d33 þ g33d15Þ þ ðl11e233 þ 2l33e15e33Þ
þ ðe11d233 þ 2e33d15d33Þ þ c44½c44ðe11l33 þ e33l11  2g11g33Þ
þ c33ðe11l11  g211Þ  2e15ðg11d33 þ g33d15Þ
 2e33g11d15 þ 2l11e15e33 þ l33e215 þ 2e11d15d33 þ e33d215
 ðc13 þ c44Þ½ðc13 þ c44Þðe11l33 þ e33l11  2g11g33Þ
þ ðe15 þ e31Þðe15l33 þ e33l11Þ  ðe15 þ e31Þðd15g33 þ d33g11Þ
 ðd15 þ d31Þðe15g33 þ e33g11Þ þ ðd15 þ d31Þðd15e33 þ d33e11Þ
 ðe15 þ e31Þ½ðc13 þ c44Þðe15l33 þ e33l11  g11d33  g33d15Þ
 ðe15 þ e31Þðc44l33 þ c33l11 þ 2d15d33Þ
þ ðd15 þ d31Þðc44g33 þ c33g11 þ d15e33 þ d33e15Þ
 ðd15 þ d31Þ½ðc13 þ c44Þðe11d33 þ e33d15  e15g33  e33g11Þ
þ ðe15 þ e31Þðc44g33 þ c33g11 þ e15d33 þ e33d15Þ
 ðd15 þ d31Þðc44e33 þ c33e11 þ 2e15e33Þ; ðA-1cÞ
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 2e15ðg11d33 þ g33d15Þ  2e33g11d15 þ 2l11e15e33 þ l33e215
þ 2e11d15d33 þ e33d215 þ c44½c44ðe11l11  g211Þ  2e15g11d15
þ l11e215 þ e11d215  ðc13 þ c44Þ½ðc13 þ c44Þðe11l11  g211Þ
þ ðe15 þ e31Þðe15l11  d15g11Þ  ðd15 þ d31Þðe15g11  d15e11Þ
 ðe15 þ e31Þ½ðc13 þ c44Þðe15l11  g11d15Þ
 ðe15 þ e31Þðc44l11 þ d215Þ þ ðd15 þ d31Þðc44g11 þ d15e15Þ
 ðd15 þ d31Þ½ðc13 þ c44Þðe11d15  e15g11Þ
þ ðe15 þ e31Þðc44g11 þ e15d15Þ  ðd15 þ d31Þðc44e11 þ e215Þ;
ðA-1dÞ
n4 ¼ c11½c44ðe11l11  g211Þ  2e15g11d15 þ l11e215 þ e11d215; ðA-1eÞ
In order to deﬁne the constants in (5), we need to specify the
following auxiliary constantsa1 ¼ ðc13 þ c44Þðe11l11  g211Þ þ ðe15 þ e31Þðe15l11  g11d15Þ
 ðd15 þ d31Þðe15g11  e11d15Þ; ðA-2aÞ
a2 ¼ ðc13 þ c44Þðe11l33 þ e33l11  2g11g33Þ þ ðe15 þ e31Þ

 ðe15l33 þ e33l11  g11d33  g33d15Þ  ðd15 þ d31Þ

 ðe15g33 þ e33g11  e11d33  e33d15Þ; ðA-2bÞ
a3 ¼ ðc13 þ c44Þðe33l33  g233Þ þ ðe15 þ e31Þðe33l33
 g33d33Þ  ðd15 þ d31Þðe33g33  l33d33Þ; ðA-2cÞ
a41 ¼ c11ðe11l11  g211Þ; ðA-2dÞ
a51 ¼ c11ðe11l33 þ e33l11  2g11g33Þ þ c44ðe11l11  g211Þ
þ l11ðe15 þ e31Þ2 þ e11ðd15 þ d31Þ2  2g11ðe15 þ e31Þ

 ðd15 þ d31Þ; ðA-2eÞ
a61 ¼ c11ðe33l33  g233Þ þ c44ðe11l33 þ e33l11  2g11g33Þ
þ l33ðe15 þ e31Þ2 þ e33ðd31 þ d15Þ2  2g33ðe15 þ e31Þ

 ðd15 þ d31Þ; ðA-2fÞ
a71 ¼ c44ðe33l33  g233Þ; ðA-2gÞ
a42 ¼ c11ðe15l11  g11d15Þ; ðA-2hÞ
a52 ¼ c11ðe15l33 þ e33l11  g11d33  g33d15Þ þ c44ðe15l11  g11d15Þ
 ðe15 þ e31Þ½l11ðc13 þ c44Þ þ d15ðd15 þ d31Þ
þ ðd15 þ d31Þ½g11ðc13 þ c44Þ þ e15ðd15 þ d31Þ; ðA-2iÞ
a62 ¼ c11ðe33l33  g33d33Þ þ c44ðe15l33 þ e33l11  g11d33  g33d15Þ
 ðe15 þ e31Þ½l33ðc13 þ c44Þ þ d33ðd15 þ d31Þ
þ ðd15 þ d31Þ½g33ðc13 þ c44Þ þ e33ðd15 þ d31Þ; ðA-2jÞ
a72 ¼ c44ðe33l33  g33d33Þ; ðA-2kÞ
a43 ¼ c11ðe15g11 þ e11d15Þ; ðA-3aÞ
a53 ¼ c11ðe15g33  e33g11 þ e11d33 þ e33d15Þ þ c44ðe15g11
þ e11d15Þ þ ðe15 þ e31Þ½g11ðc13 þ c44Þ þ d15ðe15
þ e31Þ  ðd15 þ d31Þ½e11ðc13 þ c44Þ þ e15ðe15 þ e31Þ; ðA-3bÞa63 ¼ c11ðe33g33 þ e33d33Þ þ c44ðe15g33  e33g11 þ e11d33
þ e33d15Þ þ ðe15 þ e31Þ½g33ðc13 þ c44Þ þ d33ðe15 þ e31Þ
 ðd15 þ d31Þ½e33ðc13 þ c44Þ þ e33ðe15 þ e31Þ; ðA-3cÞ
a73 ¼ c44ðe33g33 þ e33d33Þ; ðA-3dÞ
aj ¼ a1 þ a2s2j  a3s4j ; ðA-3eÞ
bmj ¼ a4m þ a5ms2j  a6ms4j þ a7ms6j ðm ¼ 1;2;3Þ: ðA-3fÞ
Now, we can deﬁne the constants in (5) as
kmj ¼ bmj=ðajs2j Þ ðm ¼ 1;2;3Þ
x1j ¼ c44ð1þ k1jÞ þ e15k2j þ d15k3j; q1 ¼ c44;
x2j ¼ e15ð1þ k1jÞ  e11k2j  g11k3j; q2 ¼ e15;
x3j ¼ d15ð1þ k1jÞ  g11k2j  l11k3j; q3 ¼ d15:
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